Abstract. Let K be a nontrivial knot in S 3 with the exterior E(K), and γ ∈ G(K) = π 1 (E(K), * ) a slope element represented by an essential simple closed curve on ∂E(K) with base point * ∈ ∂E(K). Since the normal closure ⟨⟨γ⟩⟩ of γ in G(K) coincides with that of γ −1 , and γ and γ −1 correspond to a slope r ∈ Q ∪ {∞}, we write ⟨⟨r⟩⟩ = ⟨⟨γ⟩⟩. The normal closure ⟨⟨r⟩⟩ describes elements which are trivialized by r-Dehn filling of E(K). In this article, we prove that ⟨⟨r 1 ⟩⟩ = ⟨⟨r 2 ⟩⟩ if and only if r 1 = r 2 , and for a given finite family of slopes S = {r 1 , . . . , rn}, the intersection ⟨⟨r 1 ⟩⟩ ∩ · · · ∩ ⟨⟨rn⟩⟩ contains infinitely many elements except when K is a (p, q)-torus knot and pq ∈ S. We also investigate inclusion relation among normal closures of slope elements.
Introduction
Geometric aspects of Dehn fillings such as destroying and creating essential surfaces have been extensively studied by many authors; see survey articles [15, 16, 17, 18] and references therein. In the present article we focus on a group theoretic aspect of Dehn fillings. Let K be a nontrivial knot in S 3 with its exterior E(K).
Then by the loop theorem [45] the inclusion map i : ∂E(K) → E(K) induces a monomorphism i * : π 1 (∂E(K), * ) → π 1 (E(K), * ), where we choose a base point * in ∂E(K). We denote the knot group π 1 (E(K), * ) by G(K) and its peripheral subgroup i * (π 1 (∂E(K), * )) by P (K). A slope element in G(K) is a primitive element γ in P (K) ∼ = Z ⊕ Z, which is represented by an essential oriented simple closed curve on ∂E(K) with base point * . Denote by ⟨⟨γ⟩⟩ the normal closure of γ in G(K). Taking a standard meridian-longitude pair (µ, λ) of K, each slope element γ is expressed as µ m λ n for some relatively prime integers m, n. As usual we use the term slope to mean the isotopy class of an essential unoriented simple closed curve on ∂E(K). A slope element γ and its inverse γ −1 give the same
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normal subgroup ⟨⟨γ⟩⟩ = ⟨⟨γ −1 ⟩⟩, and by forgetting orientations, they correspond to the same slope, which may be identified with m/n ∈ Q ∪ {∞}. So in the following we denote ⟨⟨γ⟩⟩ = ⟨⟨γ −1 ⟩⟩ by ⟨⟨m/n⟩⟩. Thus each slope m/n defines the normal subgroup ⟨⟨m/n⟩⟩ ⊂ G(K), which will be referred to as the normal closure of the slope m/n for simplicity. A slope r is trivial if r = ∞, i.e. r is represented by a meridian of K. In what follows, we abbreviate the base point for simplicity. Denote by K(r) the 3-manifold obtained from E(K) by r-Dehn filling. Then we have the following short exact sequence which relates G(K), ⟨⟨r⟩⟩ and π 1 (K(r)).
{1} → ⟨⟨r⟩⟩ → G(K) → G(K)/⟨⟨r⟩⟩ = π 1 (K(r)) → {1},
and thus ⟨⟨r⟩⟩ = {g ∈ G(K) | g becomes trivial in π 1 (K(r)}.
Recall that a group G possesses the Magnus property, if whenever two elements u, v of G have the same normal closure, then u is conjugate to v or v −1 . Magnus [34] established this property for free groups, and recently [3, 4, 11, 24] prove the fundamental groups of closed surfaces have this property. However, in general, knot groups do not satisfy this property; see [8, 47, 48] for details. With respect to Dehn fillings, the above observation leads us to introduce:
Definition 1.1 (peripheral Magnus property).
Let K be a nontrivial knot in S 3 . We say that the knot group G(K) has the peripheral Magnus property if ⟨⟨r⟩⟩ = ⟨⟨r ′ ⟩⟩ implies r = r ′ for two slopes r and r ′ .
Property P [32] says that ⟨⟨r⟩⟩ = ⟨⟨∞⟩⟩ = G(K) if and only if r = ∞. We first establish every nontrivial knot group has this property.
Theorem 1.2. For any nontrivial knot K, the knot group G(K) satisfies the peripheral Magnus property, namely ⟨⟨r⟩⟩ = ⟨⟨r
′ ⟩⟩ if and only if r = r ′ .
When K is a prime, non-amphicheiral knot, we will prove a slightly stronger version of Theorem 1.2; see Theorem 3.5. Theorem 1.2 says that there is a one to one correspondence between the set of slopes, which is identified with Q ∪ {∞}, and the set of normal closures of slopes.
Next we investigate for which slope r ∈ Q ∪ {∞}, its normal closure ⟨⟨r⟩⟩ is finitely generated. There are two obvious situations where ⟨⟨r⟩⟩ is finitely generated.
• If K has a finite surgery slope r, i.e. r-surgery on K yields a 3-manifold with finite fundamental group, then ⟨⟨r⟩⟩ is finitely generated. (See the proof of Theorem 1.3.) • If K is a torus knot T p,q , then ⟨⟨pq⟩⟩ is an infinite cyclic normal subgroup of G(K), hence finitely generated. Theorem 1.3 below classifies slopes whose normal closures are finitely generated. 
Inclusions between two normal closures of slopes
In this section we study inclusions between two normal closures of slopes. We say that a slope r is a reducing surgery slope if K(r) is a reducible 3-manifold. Proof. Without loss of generality we may assume a > 0. If a = 1, then µ ∈ ⟨⟨r⟩⟩ and π 1 (K(r)) = G(K)/⟨⟨r⟩⟩ = {1}, and thus r is a finite surgery slope.
(Actually, Property P [32] implies r = ∞.) So in the following we assume a ≥ 2. Since µ a ∈ ⟨⟨r⟩⟩, ⟨⟨µ a ⟩⟩ ⊂ ⟨⟨r⟩⟩ and we have the canonical epimorphism φ : 
This then implies that m ′ ≥ m and m ′ is a multiple of m.
By the assumption K is a hyperbolic knot or a satellite knot. Furthermore, in the latter case, since K admits a nontrivial finite surgery, K is a (p, q)-cable of a torus knot T p ′ ,q ′ , where |p| ≥ 2 [5] . Case 1. K is a hyperbolic knot.
Recall that the distance between finite surgery slopes of a hyperbolic knot is at most two [42] . Hence |mn
Since m ′ is a multiple of m, the inequality
A finite surgery is also an L-space surgery, so by [44, Corollary 1.4 
is the genus of K. This implies g(K) = 1. Since a knot admitting an L-space surgery is fibered [40, 41, 14, 31] , K is a trefoil knot T 3,2 (or T −3,2 ) or the figure-eight knot. By assumption, K is not a torus knot, and hence K would be the figure-eight knot. However, the figure-eight knot has no nontrivial finite surgery, a contradiction.
Finite surgeries on iterated torus knots are classified by [2, Table 1 ]. For any cable of a torus knot which admits two finite surgeries m/n and m
This completes a proof of Proposition 2.4. □
Peripheral Magnus property for knot groups
Now we are ready to prove the peripheral Magnus property for knot groups. We separate the proof into two cases depending upon K is a non-torus knot or K is a torus knot. Furthermore, in the latter case, we distinguish the specific case where K is a trefoil knot T 3,2 and r = (18k + 9)/(3k + 1), r ′ = (18k + 9)/(3k + 2) for technical reasons; see Proposition 3.1. These surgeries are only examples of surgeries along torus knots which give rise to (orientation reversingly) homeomorphic 3-manifolds with finite fundamental group [36] . Thus, the case treated in Proposition 3.1 gives us the most subtle situation. following we assume r is neither ∞ nor 0. We divide the argument into two cases depending upon K is a torus knot or a non-torus knot. 
A simple computation shows that |n − n ′ | = 2 pq , which is impossible, because pq ≥ 6.
Suppose next that π 1 (T p,q (m/n)) is finite, but non-cyclic. Then {p, q, |pqn − m|} = {2, 2, A} (where A ≥ 3 is an odd integer), {2, 3, 3}, {2, 3, 4} or {2, 3, 5}. Subcase 1. Assume that {p, q, |pqn − m|} = {2, 2, A}. Then K is a torus knot T 2,A and |2An − m| = 2. Since
where |2An ′ − m| = 2. By the assumption n ̸ = n ′ , and hence |n − n ′ | = 
More precisely, ⟨⟨(18k + 9)/(3k + 1)⟩⟩ ̸ ⊂ ⟨⟨(18k + 9)/(3k + 2)⟩⟩ and ⟨⟨(18k + 9)/(3k + 1)⟩⟩ ̸ ⊃ ⟨⟨(18k + 9)/(3k + 2)⟩⟩.
Proof. Let us choose r = 3/(3k + 1) so that r + 6 = (18k + 9)/(3k + 1). Then K((18k + 9)/(3k + 1)) has a Seifert invariant: Similarly if we choose r = −3/(3k + 2), then r + 6 = (18k + 9)/(3k + 2), and K((18k + 9)/(3k + 2)) has a Seifert invariant:
This shows that K((18k + 9)/(3k + 1)) is orientation reversingly homeomorphic to K((18k + 9)/(3k + 2)) [36] .
To obtain a presentation of their fundamental groups, we fix a section for the circle bundle
arising from the top left picture of Figure 3 .1, where N (t i ) is a fibered tubular neighborhood. Note that t 1 is the surgery dual to K and t 4 is a regular fiber.
Then, with this section π 1 (K((18k + 9)/(3k + 1))) has a presentation:
where c i is represented by a meridian of t i , a boundary of the section, and h is represented by a regular fiber. Using the same bases c 1 , . . . , c 4 , h, π 1 (K((18k +9)/(3k +2))) has a presentation:
Note that |π 1 (K((18k + 9)/(3k + 1)))| = |π 1 (K((18k + 9)/(3k + 2)))| is 24m for some integer m ≥ 1 coprime to 6 [33, 43] .
Note that the element h is central and generates a cyclic normal subgroup ⟨h⟩ in both π 1 (K((18k + 9)/(3k + 1))) and π 1 (K((18k + 9)/(3k + 2))). Let us consider the quotient groups π 1 (K((18k + 9)/(3k + 1)))/⟨h⟩ and π 1 (K((18k + 9)/(3k + 2)))/⟨h⟩, which have the same presentation:
This group is the tetrahedral group (spherical triangle group ∆(2, 3, 3)) of order 12. Hence h has order 24m/12 = 2m in both π 1 (K((18k + 9)/(3k + 1)) and π 1 (K((18k + 9)/(3k + 2)). Proof. We first observe that the slope element with slope (18k + 9)/(3k + 2) is expressed as c Proof. We first observe that the slope element with slope (18k + 9)/(3k + 1) is expressed as c Proof. When K is a prime knot, [49, Corollary 4.2] shows that any automorphism of G(K) is induced by a homeomorphism of E(K). Let (µ, λ) be a standard meridian-longitude pair of K. Since φ(µ) = µ ε (ε = ±1) by [20] and As we have mentioned, for the torus knot T 3,2 and slopes r = (18k + 9)/(3k + 1) and r ′ = (18k + 9)/(3k + 2), T 3,2 (r) is (orientation reversingly) homeomorphic to [36] . Thus the quotients G(T 3,2 )/⟨⟨r⟩⟩ and G(T 3,2 )/⟨⟨r ′ ⟩⟩ are isomorphic.
On the other hand, Theorem 3.5 says that no isomorphism between G(T 3,2 )/⟨⟨r⟩⟩ and G(T 3,2 )/⟨⟨r ′ ⟩⟩ can be induced by an automorphism of G(T 3,2 ). This illustrates a possibility for non-similar normal subgroups yielding the same quotient groups.
We close this section by giving the following observation for conjugacy among slope elements. A knot K is cabled if it is a (p, q)-cable of a knot K ′ , and we call the slope pq the cabling slope of a cabled knot K. In the following, we regard a torus knot as a cabled knot, the (p, q)-cable of the unknot. If K is neither a cabled knot nor a composite knot, then the peripheral subgroup P (K) is malnormal [21] , and hence if gγ 1 g −1 = γ 2 , then g belongs to P (K) and γ 1 = γ 2 . Even when K is a cabled knot or a composite knot we have: Proposition 3.6 (conjugation of slope elements). Let K be a nontrivial knot, and let γ 1 and γ 2 be slope elements in P (K). Assume that 
Then we have a non-degenerate map f : implies that γ 1 is trivial in H 1 (E(K)), i.e. γ 1 is a preferred longitude. However, a cabling slope and a meridional slope are not preferred longitude, a contradiction. So γ 2 = γ 1 . □
Finitely generated normal closures of slopes
In this section we prove Theorem 1.3. The next proposition gives a classification of finitely generated, normal subgroups of infinite index of knot groups.
Proposition 4.1. Let N be a finitely generated, nontrivial, normal subgroup of infinite index of G(K). Then either (i) E(K) is Seifert fibered (i.e. K is a torus knot) and N is a subgroup of Seifert fiber subgroup, the subgroup generated by a regular fiber of a Seifert fibration (i.e. N is a subgroup of the center of the torus knot group G) or, (ii) E(K) fibers over S 1 with surface fiber Σ and N is a subgroup of finite index of π 1 (Σ).
Proof. This essentially follows from the classification of finitely generated, normal subgroups of infinite index of 3-manifold groups [23] , [1, p.
(L9)]. Suppose for a contradiction that N is neither (i) nor (ii). Then it follows from [23], [1, p.(L9)] that E(K) is the union of two twisted I-bundle over a compact connected (possibly non-orientable) surface Σ and N is a subgroup of finite index of π 1 (Σ). Then G(K) is written as an extension
{1} → π 1 (Σ) → G(K) → Z 2 * Z 2 → {1}.
However, this would imply G(K)/[G(K), G(K)]
∼ = Z has an epimorphism to Z 2 ⊕ Z 2 , the abelianization of Z 2 * Z 2 , which is impossible. □ Proof of Theorem 1.3. Let us assume r is a finite surgery slope of K. Then π 1 (K(r)) = G(K)/⟨⟨r⟩⟩ is finite. Hence ⟨⟨r⟩⟩ is a subgroup of finite index of the finitely generated group G(K), so it is finitely generated [35, Corollary 2.7.1]. If K is a torus knot T p,q and r is a cabling slope pq, then r is represented by a regular fiber t in the Seifert fiber space E(T p,q ), and ⟨⟨pq⟩⟩ is the infinite cyclic normal subgroup generated by t. This means that ⟨⟨pq⟩⟩ ∼ = Z.
To prove the converse, we suppose that ⟨⟨r⟩⟩ is finitely generated. We divide into two cases depending upon ⟨⟨r⟩⟩ has finite index in G(K) or not. If it has finite index, then G(K)/⟨⟨r⟩⟩ = π 1 (K(r)) is a finite group, and hence r is a finite surgery slope.
If ⟨⟨r⟩⟩ has infinite index in G(K), then we have two possibilities described in Proposition 4.1. If we have the case (i) in Proposition 4.1, then K is a torus knot and r = pq. Now suppose for a contradiction that the case (ii) in Proposition 4.1 occurs. Then ⟨⟨r⟩⟩ is a subgroup of finite index of the normal subgroup π 1 (Σ)(⊂ G(K)), in particular, r lies in the Seifert surface subgroup π 1 (Σ). This implies r is a preferred longitude, i.e. r = 0. Since ⟨⟨0⟩⟩ = ⟨⟨∂Σ⟩⟩ ⊂ π 1 (Σ) is a normal subgroup of G(K), it is also normal in π 1 (Σ). Hence ⟨⟨∂Σ⟩⟩ is a normal subgroup of finite index of π 1 (Σ), and hence π 1 (Σ)/⟨⟨∂Σ⟩⟩ ∼ = π 1 ( Σ) would be a finite group, where Σ is a closed orientable surface of genus g(K) ≥ 1 obtained by capping off Σ along ∂Σ. This is a contradiction. □ We close this section with the following.
Proposition 4.2. Let K be a nontrivial knot and r a slope of K which is neither a finite surgery slope nor a cabling slope pq if K is a torus knot T p,q . Then for any normal subgroup N of G(K) the intersection N ∩ ⟨⟨r⟩⟩ is either trivial or not finitely generated.
Proof. Theorem 1.3, together with the assumption, shows that ⟨⟨r⟩⟩ is not finitely generated. Let M be the covering space of E(K) associated to ⟨⟨r⟩⟩ ⊂ G(K). Then ⟨⟨r⟩⟩ is an infinitely generated 3-manifold group π 1 (M ). Let us write H = N ∩⟨⟨r⟩⟩, which is normal in G(K), and hence normal in ⟨⟨r⟩⟩. Assume for a contradiction that H is nontrivial and finitely generated. Then [46, Theorem 3.2] shows that H is infinite cyclic. This implies that K is a torus knot T p,q [19] and H is contained in the infinite cyclic normal subgroup ⟨⟨pq⟩⟩ generated by a regular fiber of a Seifert fibration of E(K) = E(T p,q ) [29, II.4.8.Lemma] . Hence H ⊂ ⟨⟨r⟩⟩ ∩ ⟨⟨pq⟩⟩. However, ⟨⟨r⟩⟩ ∩ ⟨⟨pq⟩⟩ would be trivial as we will prove in Proposition 5.4(ii). This is a contradiction. Thus N ∩ ⟨⟨r⟩⟩ is not finitely generated. □
Finite family of normal closures of slopes and their intersection
The goal of this section is to establish Theorem 1.
For an element h ∈ G(K), we denote its centralizer {g ∈ G(K) | gh = hg} by Z(h). We call h ∈ G(K) a central element of G(K) if Z(h) = G(K), and denote the center of G(K), the normal subgroup consisting of all the central elements, by Z(K).
Let r be a slope of K. Then, throughout this section, we use r to denote also a slope element γ ∈ P (K) representing r. So Z(r) means Z(γ). (Note that γ Recall that Z(r) = G(K) happens for some slope r if and only if K is a torus knot T p,q and r = pq; see [6] and [1, Theorem 2.5.2]. Also, we remark that by Proposition 3.6 Z(r) = P (K) unless K is cabled and r is the cabling slope, or K is composite and r is the meridional slope (we do not use this fact, though).
If K = T p,q and r = pq, then given non-central element g ∈ G(K), obviously aga −1 ∈ Z(r) for any a ∈ G(K). Except this very restricted situation, we have: 
Proof. If g ̸ ∈ Z(r), then take a = 1 to obtain the desired conclusion. So in the following we assume g ∈ Z(r). By a structure theorem of the centralizer of 3-manifold groups [1, Theorem 2.5.1], either Z(r) is an abelian group of rank at most two, or Z(r) is conjugate to a subgroup of the fundamental group of a Seifert fibered piece of E(K) with respect to the torus decomposition of E(K) [29, 30] . First assume that Z(r) is an abelian group of rank at most two. (In fact,
Thus N is finitely generated. If N has finite index in G(K) then G(K) is virtually abelian, which cannot happen for nontrivial knot groups since the knot group contains a free group of rank ≥ 2, the fundamental group of the minimum genus Seifert surface. So N is an abelian normal subgroup of infinite index of G(K). By Proposition 4.1, either K is a torus knot and N is a subgroup of the center of G(K), or E(K) fibers over S 1 with torus fiber. In the former case, g ∈ N is a central element, contradicting the choice of g. In the latter case ∂E(K) = ∅ so this cannot happen, either. Next we assume that Z(r) is not an abelian group of rank at most two. Then K is a torus knot, or a satellite knot which has a Seifert fibered piece with respect to its torus decomposition. Assume first that K is a torus knot T p,q . Then Z(r) is Z ⊕ Z since r ̸ = pq (cf. [1, Theorem 2.5.2]). This contradicts the assumption. Thus K is a satellite knot whose exterior has a Seifert fibered piece M with respect to its torus decomposition. Let T be an essential torus which is a member of the family of tori giving the torus decomposition of
where H denotes the fundamental group of an essential torus T and G i = π(E i ). The centralizer of r is a conjugate to a subgroup of π 1 
Claim 5.2. There exists an element
Proof. We divide the argument into the following two cases.
Case 1.
There exists f ∈ G 1 such that f wf 
Case 2. For every
, E 1 is Seifert fibered and N 1 is a Seifert fiber subgroup, a subgroup generated by a regular fiber of a Seifert fibration of E 1 . Then N 1 is a central subgroup of G 1 , and hence w ∈ ⟨⟨w⟩⟩ G1 = N 1 is central and f wf −1 = w for all f ∈ G 1 . This means that N 1 = ⟨w⟩.
Now we show that there is an element
Assume to the contrary that for any element v ∈ G 2 , vwv 
Now we are ready to prove: Theorem 1.4. Let K be a nontrivial knot in S 3 , and let {r 1 , . . . , r n } (n ≥ 2)
be any finite family of slopes of K. If K is a torus knot T p,q , we assume that pq ̸ ∈ {r 1 , . . . , r n }. Then ⟨⟨r 1 ⟩⟩ ∩ · · · ∩ ⟨⟨r n ⟩⟩ is nontrivial. Moreover, this subgroup is finitely generated if and only if all the r i are finite surgery slopes.
Proof. When r i is the trivial slope ∞ for some 1 ≤ i ≤ n, then ⟨⟨r i ⟩⟩ = G(K), so we assume that r i ̸ = ∞ for all 1 ≤ i ≤ n. We first show the nontriviality of the intersection. Let
Let us assume m ≥ 2, and we have already found a nontrivial element
Claim 5.3. g m−1 is not a central element in G(K).

Proof. Assume for a contradiction that g m−1 is a central element in G(K).
Then K is a torus knot T p,q and Z(K) is generated by a slope element pq, which is represented by regular fiber t of the Seifert fibration of E(T p,q ); see [6] and [1, Theorem 2.5.2]. Thus Z(K) = ⟨pq⟩ and g m−1 = t x for some non-zero integer x.
Next we determine when ⟨⟨r 1 ⟩⟩ ∩ · · · ∩ ⟨⟨r n ⟩⟩ is finitely generated. Assume that at least one of r i ∈ {r 1 , . . . , r n } is not a finite surgery slope. Without loss of generality, we may assume r 1 is not a finite surgery slope. By the assumption r 1 ̸ = pq neither when K = T p,q . Note that the above argument shows that N = ∩ n i=1 ⟨⟨r i ⟩⟩ is nontrivial. Since r 1 is neither the cabling slope nor a finite surgery slope, Proposition 4.2 shows that N = N ∩ ⟨⟨r 1 ⟩⟩ is not finitely generated. Proof. Recall that the slope pq is represented by a regular fiber t of the Seifert fiber space E(T p,q ), and hence the infinite cyclic normal subgroup generated by t coincides with ⟨⟨pq⟩⟩.
Hence, ⟨⟨pq⟩⟩ ∩ ⟨⟨r⟩⟩ is either trivial or infinite cyclic.
(i) If r is a finite surgery slope, t has a finite order in the finite group G(K)/⟨⟨r⟩⟩. Thus there exists an integer k
is nontrivial, and hence it is infinite cyclic.
This means that a pk = 1 in π 1 (K(r)). Since r is neither a reducing surgery slope nor a finite surgery slope, π 1 (K(r)) has no torsion element. Therefore a = 1 in π 1 (K(r)), unless k = 0. However, this implies that G(K) is finite cyclic, a contradiction. Thus k = 0, so ⟨⟨pq⟩⟩ ∩ ⟨⟨r⟩⟩ = {1}. □ Corollary 5.5. Let K be a hyperbolic knot in S 3 which is not the (−2, 3, 7)-pretzel knot. Then for any finite family of slopes r 1 , . . . , r n ∈ Q with n > 2, the subgroup ∩ n i=1 ⟨⟨r i ⟩⟩ is not finitely generated. Proof. Since K is a hyperbolic knot, [42, Theorem 1.4] shows that it has at most three nontrivial finite surgeries, and except when K is the (−2, 3, 7)-pretzel knot, it has at most two such surgeries. Thus the result follows from Theorem 1.4 immediately. □ Example 5.6. Let K be the (−2, 3, 7)-pretzel knot. Then it has three nontrivial finite surgery slopes: 17, 18 and 19. Hence, ⟨⟨17⟩⟩ ∩ ⟨⟨18⟩⟩ ∩ ⟨⟨19⟩⟩ is a finitely generated nontrivial normal subgroup of G(K). [25] . To determine the order of the meridian in the resulting finite group, we used presentations given in [38] and GAP (Groups, Algorithms, Programming) [13] . (1 This induces an epimorphism Proof. Assume first that r is a cyclic surgery slope. Then r = pq + 1 n for some non-zero integer n. Set r 1 = pq + in G(K)/⟨⟨r⟩⟩. Since µ pqn+1 = 1 in G(K)/⟨⟨r⟩⟩, so is µ (pq+1)(pqn+1) = 1. Thus r 1 ∈ ⟨⟨r⟩⟩. We remark that r 1 remains a cyclic surgery slope. Repeat this process to obtain a desired infinite descending chain. Next assume that r is a non-cyclic finite surgery slope m/n. This is possible only for (p, q, |pqn−m|) = (p, 2, 2), (3, 2, 3), (3, 2, 4), (3, 2, 5 , where f 1 is the order of µ in G(K)/⟨⟨r 1 ⟩⟩, we see that r 2 belongs to ⟨⟨r 1 ⟩⟩. Repeat this process to obtain an infinite descending chain. □ 
Chains of normal closures of slopes
µ m = 1, since G(K)/⟨⟨m/n⟩⟩ = Z |m| . Otherwise, µ k−1 = 1, since k ≡ 1 (mod f ) and µ f = 1 in G(K)/⟨⟨m/n⟩⟩. Thus µ m λ kn = µ m(1−k) = 1 in G(K)/⟨⟨m/n⟩⟩, i.e.H 1 (K(m i /n i )) ∼ = Z mi → H 1 (K(m i+1 /n i+1 )) ∼ = Z mi+1 .
